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Overview

One of themost interesting and important develognts in science and mathematics in recent

years is the OdiscoveryO of chaos. This is not to say that chaos is a new thing, but rather to say
that just recently scientists and mathematicians have begun to study chaotic phenomena and have
discovered thaini many ways these phenomena can be mdde&hematically. Additionally,

they have learned that many seemingly ordered or patterned phenomena and processes (even
purely mathematical processes) are actually inherently chadtics it is the case that stience

and mathematics we can find order and pattern in chaos, and order and pattern can suddenly
devolve into utter chaos. These ideas are extraordinary, new and revolutionary. And what is
more, these ideas are entirely accessible to students of naditteemith little more than a basic
grounding in algebr®that attained by the successful completion of Algebra 1.

Thus, the purpose of the unit to be described in this work is to introduce students to some of
these ideas fundamental to chaos theorytamgve students the opportunity to explore for
themselves some of the mathematics associated with these concepts.

Rationale

Consider for a moment the following exercise with a group of students:

You present to the class the expression 3x -1 and you ask them to evaluate the expression

for the valuex =B1.5. Upon finding the result, you instruct them to evaluate the expression once
again, using the result of their previous computation as the new valueYou ask them to

repeat thigprocess numerous time, keeping tratkhe result they get each time:

Repetitions, 0 1 2 3 4 5 6 7 8

Expression| Bl1.5 B8.25 | B1875| B1.527 | £3.249| B190 | B1.534| £8.249| B191
Value

Note: values have been rounded to 3 decimal places



You then ask the studertts make a scatter plot of their results, plotting the number of
repetitions they made on the horizontal axis of their plot and the expresdue on the vertical
axis.

Once they havarfished this task you ask them to analyze their graph for any patterns and or
trends they can find and ask them to conjecture on what might happen if this process were
continued and why they get the results they get.

What has been accomplishieglthis execise? What skills have bepracticed? What ideas
have been incorporated into this exercise? In what courses and levels could such an exercise be
used?

The previous exercise lays the foundation for an introduction to chaos tHdwye are
numerougeasons for integrating a unit on chaos theory into a mathematics course. The unit
described herein is being specifically written for a course cdlWednced Topics in

Mathematics; however the unit in part or in its entirety could be used in numerousasoat the
high-school level. Even middischool teachers will find much here that they could do with their
students.

Chaos is one of the most important scientific/mathematical discoveries in recent years and is
truly changing the way experts think iach diverse areas as physics, business and economics,
biology, sociology, meteorology and many others. And it is an exciting new branch of
mathematics. The results are surprising and relevant. This makes chaos a good topic for
reviving an interest in maematics in students who have lost that interest. And the mathematics
involved in the foundations of chaos theory are so accessible. The only real background
knowledge a student needs is a basic understanding of the skills and concepts coverdd in a firs
year algebra class.

Consider another, related exercise:



Once again, give students the following expressiamBx - x> and have one student in the class
iterate the function starting with a seed value of0.5. After the student has coretgdd 14

iterations, he should have a function value (from a graphing calculator) of 0.6501001341. Have
another student begin iterating the very same funetiina seed value of 0.6501. Notice that

the seed values for the two students differ by less ¢dn@ onamillionth. Have the students

record their iterations side by side.

What happens? This exercise illustrates the idea of sensitivity to initial conditions. This is a
cornerstone concept in chaos theory and one which has huge implicatioresdoetices. Once

again, the mathematics here is very basic and can be grasped by students at nearly all levels of
high school mathematics. Just a simple exercise like this one will engender rich class discussion.

The purpose of the unit to be descrilbedein is to provide students with the opportunity to

explore the foundationsf the mathematics of chaofnd one of the best things about chaos

theory, at least from the perspective of a Fghool mathematics teacher is that the mathematics
which liesat the foundation of chaos theory is very basic. Ultimately, it is arithmetic. Some
algebraic notation makes it easier to work with and represent, but at the most basic level, itOs all
about arithmetic.So he fundamentalsf chaos theorare accessibltoall students and the
mathematic®f chaoshas numerous Oreal worldO applicatidiss is definitely not a subject

that will have student asking Owhat is this good for?0

The basic mathematical process leading to cBaiesationbis a useful pros for students to

know and understandAnd it is, quite simply, one of the most important tools in mathematics
and scienceThe process igsed in economics, the social sciences, biology and chemistry

forms the basis for much of computer prograngrand is an excellent problesolving tool.

Thus it is, quite simply, a valuable topic of study for high school stud&his results of

iteration (sequences) and the tools used for analyzing iteration (functions, solutions of equations,
graphing) invole numerousconcepts and skills that students are already familiar with. In the
context ofddvanced Topics this provides for excellent review of these skills and concepts.
Students must plot scattplot type graphs, solve equations of various types dnatulinear and
guadratic equations, graph the corresponding functions associated with those equations, solve
systems of equations, analyze patterns and trends ibd#taf these skills being appropriate
content at the high school level.

Additionally, the topic has tremendous motivational value. The results are so surprising and
strange and ultimately beautiful (culminating with the Mandelbrot Set) that students want to
engage the topic and explore the ide@se of the main objectives of thegvanced Topics

course is to réntroduce students to the wonders of mathematics. Students generally start school
with a real love for matBpoll a class of first or second graders, and many of them will respond

that math is one of their favorite subjects. Wbt ever reason, after 10 or 11 years of OschoolO
mathematics, student attitudes towards mathematics often chance considerable. it is a very
different subject. Students come to see mathematics as little more than a mostly unconnected set
of skills (arthmetic algorithms, algorithms for solving equations) with, perhaps, Osome stuff with
shapesO thrown in. For most higthool students, mathematics seems to have little cohesion,



very little relevance to their lives and no place for creativity, imaginaércitement or
pleasure. A major aim ofdvanced Topics is to change those perceptions.

Objectives

The title of this unit is OFrom Order to Chaos and Back AgainO and exposes students to some of
the basic ideas that make up the foundation of chaosyth®y exploring simple number

patterns and numerical processes, students will move from orderly, patterned mathematical
processes into increasingly chaotic ones. This is very much how the mathematicians who first
investigated these phenomena came tm&tize the study of chaos. In this way, students will

model the behaviors of those mathematicians and OdiscoverO chaos through their explorations.

While the overall goal of this unit is to introduce students to some of the basic elements of chaos
theoryand to allow students to explore some of the surprising and remarkable results of chaos,
this unit develops and reinforces many significant mathematical skills and concepts for students.
Upon completion of this unithe following objectives will have le@ achieved:
¥ Students wiltefreshtheir knowledge of lineaquadraticand exponentiguinctions
¥ Students will reviewhe solution processes involved in solving equations that aoise f
those families of functions
¥ Sudents will review how to grapdach of those types of functions in order to construct
time-series plots andeb plots.
¥Students willgainan excellent grounding in the procedures of mathematical iteration
¥ Students wiltleveloped a significant vocabulary sumding mathematical itation
including such terms as
- seed
- orbit
- fixed point
- diverge
- converge
- oscillate
- period
- repellor
- attractor
- bifurcation
- chaos
¥Students will be able to represent iterative processes usingrousrepresentations
includingalgebraic notation, numericablas, timeseries plots and weliots.
¥ Students will be able to identify chaos and describe it mathematically.

Strategies/Classroom Activities

To start, this unit will introduce students to the mathematical process that was first discovered to
lead to baosbiteration. While a simple idea, most students will be unfamiliar with the topic, so



some time will be spent simply exploring iteration and iterative processes, as well as developing
a convenient system of notation for talking about and represetgmagon. Students will work

with simple examples of iteration to become familiar with and comfortable with this new
concept.

Day 1

On the first day you will introduce students to some of the basic skills and concepts involved in
iteration. Startingvith a class discussion about what iteration means to them will help you
determine how much students may already know about this topic. Most students will have some
sense that Oto iterateO means to repeat something over and over again. This iy a perfectl
acceptable launching point.

Start with arelativelysimple butnhontrivial, nonexceptionakxample such as — |2x| -4.

Explain the OarrowO notation to studenteepreferred notation for iterative functiond/ith an
iterative functionwe are interested in what happens to the input value to the function (called the
seed Or x,) as we evaluate the function over and over agditimately weOre interested in the

behavior of the function as the number of iterations agesinfinity (this OultimateO limit

being called therbir). In this example, students should experim@ntheir ownwith various

seeds and explore the behaviors of those seeds, trying to determine their orbits. A table such as
the one below will be vg helpful to students in organizing their thinking. The values in italics

are values that the students themselves will enter.

x— |2x| -4

X, X X, X, X, X E X,
(seed) (orbit)
-6 8 12 20 36 68 E o0
-3 2 0 —4 4 4 § 4
1 -2 0 —4 4 4 E 4

0 —4 4 4 4 4 E 4

2 0 —4 4 4 4 § 4

4 4 4 4 4 4 E 4

5 6 8 12 20 36 E 0

From the above table students will notice that many seed values result in an orbit of 4. We call
this type of an orbit Aixed orbit. Forother seed values however the orbit goesditie(ges) to
infinity.

As indicated in the table above, students will tend to only choose integer values for the seed.
Suggest to students that they explore someimeger seeds as well. Here, you may warlie
somewhat more directive, suggesting some possible seeds to students. The table below shows
the orbits of some neimteger seed valudat this time weOll stick with rational values).



x— |2x| -4
X, X, X, X, X, X5 X X, E X,
(seed) (orbit)
_3 2.5 1 —2 0 —4 4 4 E 4
4
- scillates
7 —1.2|-1.6|-08|-24| 08 |-24| 0.8 | B |l
5 values
3 2| T 4 | 4 4| 4] 4| E _4
3 3 3 3 3 3 3 3 3
_ 1 oy o8 4 | 4| 4| 4| E _4
6 3 3 3 3 3 3 3 3
3T o 56 8 [ 12]20]F | w
8 4 2
o0 [ 8 B[ 4w 12| 4 E o
7 7 7 7 7 7 7 7 values

Here students get to see several different bdhaviors. For some seeds there is another fixed
. 4 . . .
orbit value—g, while for other seeds some of the orbits begin to cycswkate around

various values.

Students will explore the various possible orbit behaviors in much goesgitr as they get
deeper into the subject; at this stage the idea is simply to get students comfortable with the basic
ideas involved with iteration.

Days 2D6

Once students have had the opportunity to explore the idea of iteration, we will focus our
attention on linear iteration. That is, the iteration of linear funct{ans 4x + B). Through
cooperative learning activities and investigations, students will discover some of the basic and
essentiatesults of iteration includin®fixed paits,O Oattractors,O Orepellors,O and OneutralO
points. Students will also be introduced to, and use some of the fundamental tools of iteration
including timeseries graphs and web plots.

Students should be given the opportunity to explore numerousediff@near iteration functions
before beginning to classify them. Start by introducing t&mges plots and have students create
plots for a variety of linear functions. Gradually, students will, on their own, begin to categorize
the rules by their bek#rs. At this time, introduce the notion of a fixed point and the type of
fixed points or Oend behaviorsO that linear iteration functions can take on.

At this point, raise the question of how one would go about finding a fixed point. Given some
time tostruggle with this question, generally one or two students OdiscoverO the method on their
own. Allow those students to present their findings to the class, and then formalize the
discussion. To find a fixed point, all one needs to do is solve thedyas&n of equations:



=X
=Ax+b

or equivalently, solve the equation= Ax + B. Presenting the solution in terms of a system of
equations however makes the later approach teplab more familiar to students.

Once students undeastd how to find fixed points algebraically, they should begin to formally
categorize linear iteration rules on the basis of their fixed points/end behaviors. Now students
are ready to learn about webplots (see appendix A).

Students should be given manyportunities to practice all the skills acquired during these days
using exercises similar to the one shown in appendix B.

Days 7/D11

Building from these foundations, students will be given the opportunity to explore some non
linear iteration processes a lead up to investigating logistic iteration proce&sase of the
earliest types of processes that were discovered to lead to chaotic beBaei@ppendix C for
an example of a good ndimear iteration exercise for introducing students to-inogar

iteration.

Logistic iteration rules are rules of the foom— kx k- 1S. Students will spend considerable

time exploring how very differently functions of this type behave depending on the value chosen
for k, and the Oinitial valuef). It is this exploration that leads to the notion of chaos.

Ultimately what one discovers in these explorations is that for valuelsettveen about 1 and 3,
the logistic iteration function is quite Owell behavedO in that the iterativesprooesrges on a
fixed value. Student should be given multiple opportunities to explore vakieatues in this
range(using a seed value af = 0.5). Have students keep track of treues to which the

iteration function converges as lgtthe students will plot these values in a scatter plot.

As increasing values aéfare selected between 3 and 4, the behavior of logistic functions grows
increasingly Ochaotic A first, students will discover that the orbits of the seed vajue0.5
oscillate between two values, then four values, then eight. At approxirhaté)8, the

behavior of the logistic function devolves into complete chaos. By keeping track of their orbit
values, and combining data as a class, studentsoaatruct a scatterplot which wilery

roughly give them a picture of the now famous orbit diagram:



In addition, students should conimto construct weplots for the various rules they try and
explore how convergence, oscillation and OchaosO all can be demonstrated in a web plot as well.

Considerable time should be spent in class discussing exactly what OchaosO in this context
means. Students may get the mistaken impression that chaos is nothing more than oscillation
between many values. That is, they may think that the OchaosO wiseekiit diagram above

is simply a result of so many bifurcations that the graph becomes ©O&abt address this

possible misconception, use the exercise given in the rationale demonstrating Osensitivity to
initial conditions.O This, combined with the repeated bifurcations illustrated in the orbit diagram
reveal the real idea of chaos.



Resource
An Annotatel Guide

Chaos — A Hypertext, hypertextbook.com/chaos/11.shtml
This web resource includes an excellent introduction to the basic concepts
of chaos. Additional resources and extensiortbe ideas discussed
herein are provided.

Chaos, A Tool Kit of Dynamic Activities, Robert Devaney and Jonathan Choate, Key Curriculum
Press, 2000.
Iteration, A Tool Kit of Dynamic Activities, Devaney, Choate and Foster, Key Curriculum Press,
1999.
TheseOtool kitsO are complete units and provide numerous activities to
really develop the ideas discussed in this papeaddition, excellent
technology tools are given in these units. These books are a must have for
any teacher who is strongly interestagursuing these ideas in their
classroom.

Chaos: Making a New Science, James Gleick, Penguin Publishing, 1988
Background reading providing a historical perspective on chaos theory.
This introduction is extremely readable and places the science ofinhaos
historical context.

The Chaos Lab, http://www.cevis.unibremen.de/fractals/nsfpe/MainDirections.html
An excellent, interactive webased tool for exploring many of theeias
and concepts developed in this unit.




Appendix A
Web Plots

Web plots allow us to observe graphically, why iterative functions behave the way in which they
do. To create a web plot, we graph the transformation function as if it were a reguianfumc

the formaty = f(x). In addition we graph the ling = x which will serve as a reference for us
during the plot.

For example suppose we want to examine the behavior of the functodx -3. We wil
graph the equatioy = 2x - 3, along with the liney = x .

1011121314

Now we choose a seeth), and we start on theaxis at that seed. Next, we alternate mgvi
vertically to the graph of the transformation function and horizontally to the grapk:af. In

theory, we do this an infinite number of times. Performing these steps is equivalent to
mathematically iterating the transformation dtian an infinite number of times.

Try this on the graph above for a couple different seeds and observe what happens.
xo=4 X0 = 2

What would happen if we started with a seed of 3?



For the previous web plot you observed the end behaviors feratit seeds for a transformation
function where A > 1.

What happens for a transformation function where 0 < A < 1? For exampl@.6x +2?
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Create web plots for thelfowing seeds:

Xo= 20 xQ:D7



What happens to a linear transformation function whenbAx

What will this look like on a web plot?

Try it for the transformation functiom — -1.4x +8 and a see¢h= 3.

Why does this happen?



What happens to the end behavior of a linear transformation Bthe\ < 0?

What do you think this will this look like in a web plot?

Create a web plot for the transformation fumetx — -0.4x -2 and a seegh= 4.




For our final 2 examples, we will look at what happens when A = 1 and whelilA =

Create a web plot for the transformation functior> —x — 2 and seeds of = 4 andxo = ER.

Create a web plot for the transformation functior> x —3 and seeds ofy= 6 andxp= 2.

- N W hd D
T T T T T




Appendix B
A Sample Exercise in Linear Iteration

The pages that follow illustrate the kinds of exercises and explorations students will perform
during their study of linear iteration. Linear iterataoes not lead to chaos. Thus it serves as a
good vehicle for studying the mathematics of iteration so that students can develop the
technigues and vocabulary necessary for exploring iterative functions that do lead to chaos.
Students will begin with arni@rative function and through numerical or analytical methods, will
find the fixed point for the function and describe the type of fixed point the function results in.
Students will illustrate their results in a tiraeries plot and will further illustratthe nature of

the fixed point by creating a wadot for iteration function.



Name: Per: Date:
Practice with Linear Iteration

Consider the transformation function— 0.75x - 2

Find the fixed point:

Based on the transimation function, is the fixed point an attractor, a repellor or neutral?
Explain how you can tell based just on the function.

Fill in the iteration table below using 5 different seBdsseeds greater than the fixed point, the
fixed point, and 2 s@s less than the fixed point.

seed fo) X1 X2 X3 X4 X5 X6 orbit (x; )

(fixed point)

Based on the iteration table above, is the fixed point an attractor, a repellor or neutral? Explain
how you can tell &sed on the iteration table.



Now create a timseries graph for each seed from your table above:

seed

1 1 1 1 1 1 1 1 1 1

iteration

Key: Symbol X, =

Based on théime-series graph, is the fixed point an attractor, a repellor or neutral? Explain how
you can tell based on the tirseries graph.



Now create a web plot for the iteration function. You will need to graph the iteration function
and then choose 2 seddsreate the weplot for. Indicate your seeds next to the plot, and label
the fixed point on the graph.

-6 -14 12 <10 -8 -6 -4 -2 2

Based on your graph, is the fixed point an attractor, a repellor or nelak@liain how you can
tell by looking at the graph.



Name:

Per:

Date:

Practice with Linear Iteration
Solutions

Consider the transformation function— 0.75x - 2

Find the fixed point:

Students will solve the equation as shown below
x=075x-2

0.25x = -2

x=-8

Based on the transformation function, is the fixed point an attractor, a repellor or neutral?
Explain how you can tell based just on the function.

Since the coefficient of x is between 0 and 1, the fixed point is an attractor

Fill in the iteration table below using 5 different seBdsseeds greater than the fixed point, the

fixed point, and 2 seeds less than the fixed point.

seed £o) X1 X2 X3 X4 X5 X6 orbit (x)
3 25 | -1.813 | -3.359 | -4.520 | -5.390 | -6.042 | -8
-1 -2.75 | -4.063 | -5.047 | -5.785 | -6.339 | -6.754 | -8
8§ 8 | 8 8 | 8| 8 | -8 | 8
(fixed point)
-10 -9.5 |-9.125|-8.844 | -8.633 | -8.475 | -8.356| -8
-20 -17 | -14.75 | -13.06 | -11.80 | -10.85 | -10.14| -8

Basedon the iteration table above, is the fixed point an attractor, a repellor or neutral? Explain
how you can tell based on the iteration table.

Answers will vary

As each seed is transformed by the iteration, the values are getting closer and closer to
the fixed point x = -8, therefore the fixed point must be an attractor.




Now create a timseries graph for each seed from your table above:
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-12 < . 4
1 e

-2
Key: As appropriate

Based on the timeeries graph, is the fixed point an attractor, a repellor or neutral? Explain how
you can tell based on the tirseries graph.

From the plot it is clear that the fixed point is an attractor because the trend of all the
seeds is to approach —8 on the graph.



Appendix B
An Introduction Exercise for Non-Linear Iteration

The pages that follow provide students with an introduction telinear iteration. Ultimately a
study of nonrlinear iteration will lead students to the phenomenon of chaos. Butithas in
exercise simply builds on the skills students learned while studying linear iteration, without the
iterative processes resulting in chaotic behavior. It is an excellent exercise for reinforcing prior
skills and knowledge while introducing studerdghe process that will lead to the discovery of
chaos. In this exercise students will discover thatlmaar iterative functions can have more

than 1 fixed point By comparing an orbit table, a tirseries plot, and weplot student swill be

able to identify numerous similarities and differences between linear iteration atidearn
iteration.



Name: Per: Date:

Advanced Topics
Numerical Iteration — Non Linear Transformations (1)

x — x?

Consider the iteration function above. Complete the table below for each seed.

Xo (seed) X1 X2 X3 X4 X5 X6 X, (orbit)

1.1

1.3

Describe the end behaviors (orbits) of this iteration function.

Does this function have any fixed points? Explain your reasoning.




Create a timeseries graph fathis iteration function using the seeds given in the key.

seed
1.4F
1.2}
‘] -
08
D6F
04F
02F
l l l l l l il'(erationl
02k
Key: Symbol X, =
1.1
1.01
1
0.95
0.6
0
-0.3

What does the timseriesgraph tell you about the fixed points for this function?



Now construct a web plot for this iteration function. Use the seeds given.

X0 = 1.1 X0 = 0.8 X0 =80.5




